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Introduction/Motivation

Introduction /Motivation

e 4d Chern-Simons theory has the action!

5:1/ C/\Tr(A/\dA+2A/\A/\A>, (1)
hJyxs 3

where A is a complex-valued gauge field, Y is a framed
2-manifold, and X is C, C* or C/(Z + 7Z) endowed with a
meromorphic one-form C = C(z)dz (with no zeros).

e Within the realm of perturbation theory, this gauge theory
is well-defined, and realizes the Yang-Baxter equation with
spectral parameter.

1. K. Costello, Supersymmetric gauge theory and the Yangian, arXiv:1303.2632
K. Costello, E. Witten, M. Yamazaki, Gauge Theory and Integrability, I, Il,
arXiv:1709.09993, 1802.01579
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Introduction/Motivation

e Qutside of perturbation theory, 4d CS is not well-understood -
path integral is exponentially divergent.

e Suggestion® - Nonperturbative definition comes from the
D4-NS5 system of string theory, similar to how the D3-NS5
system realizes the nonperturbative 3d analytically-continued
Chern-Simons theory.3

e Such a string realization could also allow us to categorify the
R-matrix elements/Yang-Baxter equation/Yangian in higher
dimensions via string dualities.

2 itten, Integrable Lattice Models From Gauge Theory, arXiv:1611.00592
3. itten, Fivebranes and Knots, Quantum Topology 3 (1) (2012) 1-137
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Introduction/Motivation

This talk is based on

e M. Ashwinkumar, M.-C. Tan, Q. Zhao, Branes and
Categorifying Integrable Lattice Models, ATMP (in press),
arXiv:1806.02821
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Summary of results

Summary of results

e A topological-holomorphic sector of the D4-NS5 system with
a meromorphic RR 1-form is equivalent to Costello’s 4d
Chern-Simons theory

i CATr (AgAdAg+2 AgAAgAA
‘/I_DAEODAZODAZO egg faM ( 0 0T 310 0 0) (2)

with nonperturbative integration cycle, I', defined by

F5h0 =0
F550=0 (3)

2iFypz0 — Doy =0
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Summary of results

e Using T- and S-duality, we arrive at the NS5-D5 brane
system, the supersymmetric Hilbert space of which is defined
by the Floer cohomology of the 6d equations

Fij=0
Fiz=0
Fiw =0 (4)
Fwz =0

2iF,z + 2iFuw — D¢/ =0

which interpolate solutions of the 5d equations
Fpy =0
Faz =0 (5)
2iF,z — D’ =0




Summary of results

e Via the aforementioned dualities, we are able to express each
R-matrix element in terms of a trace over this Hilbert space:

RiZ (21, 22) = Trp (-1)F e "PW(21) WRi (22)) | (6)

(thereby categorifying each R-matrix element), and we are
also able to categorify the Yang-Baxter equation

Z Rll\I%\A.QO(Zl'ZZ)RgL,IP(Zlv23)R(233;’,JK(Z%Z3): Z R/%/?L,RT(Z%z3)RI1Va:F.SK(Zlv23)R§I2?.IJ(ZLZZ)
0.P.Q RS, T

as

‘ Try ((—1) e P Wiy (21) Wiy (22) Wik (25)) = Trag((—1)F ™" Wy (21) Wiy (22) Wik (23)).

as well as the Yangian.
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Summary of results

e Considering the S-dual 6d theory, we may localize the path
integral of its effective 5d theory to obtain an ‘S-dual’ of
Costello’s 4d Chern-Simons theory where the coupling is
inverted, i.e.,

/DAgODAzoDAzo [P o Ao) o/ Jou CNTr (AoAd Ao-+3 Ao AoAAo)
r i

which is a 4d analog of an 'S-dual’ 3d analytically-continued
Chern-Simons theory.

Meng-Chwan Tan Branes and Categorifying Integrable Lattice Models



D4-brane worldvolume theory with NS5 boundary conditions
Topological-holomorphic twist

Boundary action

Localization to 4d Chern-Simons theory

Wilson lines

4d CS from topological-holomorphic twist of D4-NS5 system

D4-brane worldvolume theory with NS5 boundary
conditions

The low energy worldvolume theory of N coincident D4-branes on
a flat manifold, M, involves fields which transform as reps. of
50/\4(5) X SOR(5)Z

Am :(5,1)
¢y (1,5) (7)
Pai: 4.4

with the classical action
s=— L [ @t (LR 4 Loyeo pMgh 1 1 M gN
__ZS,M X I‘(Z MN +§ M‘b,f/, d) +Z[¢’\7’7¢N][¢ ,¢]
+ip AT 4B Dmp gz + o™ (TY) 1 Ploy /)A§]>,

i,e., 5d N =2 SYM.
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D4-brane worldvolume theory with NS5 boundary conditions
Topological-holomorphic twist

4d CS from topological-holomorphic twist of D4-NS5 system S by st

Localization to 4d Chern-Simons theory
Wilson lines

It is invariant under the SUSY transformations

_2C (rM)A pBA

5¢>M = — 2¢MA(TM) B
~ o~ I' o~ o~ ~ o~
5pAA (r/\/’) BDMQZ)M(FI\?’)Z BCB§ - E(FM)XB(FR/)/B\E[qua ¢N]CA ¢
I v B
§F (Tmn)aBC -

(8)
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D4-brane worldvolume theory with NS5 boundary conditions
Topological-holomorphic twist

Boundary action

Localization to 4d Chern-Simons theory

Wilson lines

4d CS from topological-holomorphic twist of D4-NS5 system

The stack of D4-branes shall be taken to end on an NS5-brane in
the following type IIA brane configuration in flat Euclidean space

1 2 3 4 5 6 7 8 9 10
D4 X X X X X
NS5 x x X X X X

where, e.g., an empty entry under ‘3’ indicates that the brane is

located at x3 = 0. The scalar fields {97, 05, b3, b7 qbg} are
understood to parametrize the {6,7,8,9,10} directions,
respectively.

The configuration above implies the boundary conditions
12 345
F,u3 = 0|X3:07 D3¢ = O‘x3:07 o = 0|X3:0

(where 1 is the boundary rotation group index), together with

projection conditions on the fermionic fields.
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D4-brane worldvolume theory with NS5 boundary conditions
Topological-holomorphic twist

Boundary action

Localization to 4d Chern-Simons theory

Wilson lines

4d CS from topological-holomorphic twist of D4-NS5 system

Topological-holomorphic twist

4d Chern-Simons theory on Y x X is topological-holomorphic:
e |t has diffeomorphism invariance along the 2-manifold
denoted Y.
e |t has holomorphic dependence on the Riemann surface, %.

To obtain it from the D4-NS5 system, we ought to perform a
partial twist that has the above properties.

To this end, we note that M = Y X Ry x X, and we wish to twist
the D4-brane worldvolume theory along Y x R,.
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D4-brane worldvolume theory with NS5 boundary conditions
Topological-holomorphic twist

4d CS from topological-holomorphic twist of D4-NS5 system

to 4d Chern-Simons theory

This amounts to redefining the SOy/(3) rotation group of
V =Y x Ry to be the diagonal subgroup

50\/(3), C 50\/(3) X SOR(3),

where SOg(3) C SOg(5) rotates {¢7, ¢, 3}
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D4-brane worldvolume theory with NS5 boundary conditions
4d CS from topological-holomorphic twist of D4-NS5 system jiopolocicabhiolonoiphigituet

Boundary action
Localization to 4d Chern-Simons theory
Wilson lines

Specifically, we are studying the following type IlA configuration:

—

Yy R 3 NVCT*V

1 2 3 4 5 6 7 8 9 10
D4 X X X X X
NS5 x x X X X X

The twist arises in this configuration because V C V=YxR,
where V is the zero section of the cotangent bundle T* \7, and
‘coordinates’ normal to V in T*V must be components of
one-forms, as we shall obtain via twisting.4

4. M. Bershadsky, C. Vafa, V. Sadov, D-branes and topological field theories, Nu-

clear Physics B 463 (2-3) (1996) 420-434
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D4-brane worldvolume theory with NS5 boundary conditions
Topological-holomorphic twist

Boundary action

Localization to 4d Chern-Simons theory

Wilson lines

4d CS from topological-holomorphic twist of D4-NS5 system

Let us see now compute the partial twist. Having performed the
reductions SOu(5) — SOy(3) x SOx(2) and
SOgr(5) — SOg(3) x SOg(2), we denote the relevant indices as

SOv(3) SOg(3) 505(2) SOg(2)
Vector | o, B,7,... | &, B,7,... | myn,p,... | mn,p,...
Spinor | &, ,9,... | @ B3,5,... | m,a,p, m,n,p,...

Partial twisting amounts to setting the hatted SOg(3) indices to
unhatted indices.

As a result, the scalar fields {¢7, ¢, <Z>§} now transform as the

components {¢1, ¢2, p3} of a one-form on Y x R.
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D4-brane worldvolume theory with NS5 boundary conditions
Topological-holomorphic twist

4d CS from topological-holomorphic twist of D4-NS5 system

to 4d Chern-Simons theory

In addition, the spinor fields p 2 = p_-== can be expanded after
twisting as

Pampm = €aflmm T (0%)apamm (9)
where 1= and t__~ transform as 1 and 3 under SOy (3)’".

Here we have used the antisymmetric matrix €55 and the

symmetric matrix (c%)gzs = (o® -’Be—_, where € is the Levi-Civita
Y 5 a €57

symbol and o are the Pauli matrices.

Likewise, we can expand the SUSY transformation parameters
Caz = Samam 2

Camé% = €55Cm T (Ua)aécam%' (10)
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from topological-holomorphic twist of D4-NS5 system Merpaltepregt i amaplifte Gk

to 4d Chern-Simons theory

Substituting these expansions into the SUSY transformations, we
can obtain the partially twisted SUSY transformations.

However, we wish to pick a supercharge, Q, that is scalar along V/,
w.r.t. which the 5d theory is topological-holomorphic, i.e.,
correlation functions of Q-invariant local operators have
holomorphic dependence on ¥ and no other dependence on M.

There are in fact two such supercharges, that each satisfy both

{Q,} X P},

11
{Q,...} x Pg, (11)
and we shall pick one of them without loss of generality.®

5. In upcoming work which connects our present setup to the geometric Langlands
program of Kapustin-Witten, we will select a linear combination of the two.
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D4-brane worldvolume theory with NS5 boundary conditions
Topological-holomorphic twist

Boundary action

Localization to 4d Chern-Simons theory

Wilson lines

4d CS from topological-holomorphic twist of D4-NS5 system

This supercharge generates the SUSY transformations

QAL =0 Q1 = 2iFzz + 2i[¢;, =] — D5’
QAy = —8Ya22  Qm2=0

QA; =0 Q@1 =0
QA; = 4n2 Q2 = 4Dz¢

1 (12)
Qp==0 QYarr = =57, Fiy

Qdy = =41 Qipar2 = 2Dags
Q¢a21 - _i2fo¢2
Qa22 =0,

that satisfy Q% = 0 on-shell.
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D4-brane worldvolume theory with NS5 boundary conditions
Topological-holomorphic twist

Boundary action

Localization to 4d Chern-Simons theory

Wilson lines

4d CS from topological-holomorphic twist of D4-NS5 system

Here, we have defined the complex coordinates z = x* + ix® and

Z = x* — ix®, the complex gauge fields
-Aa :Aa+i¢aa Za :Aa_i¢av (13)
and
1 . 1 ,
Az = §(A4 — IA5), AE == E(Azl + IA5), (14)
whereby we have the covariant derivatives
Da:aa+[“4aa']v ﬁa:aa_'_[za?']? (15)
and
Dz:az"i'[Ab' ]> DE:aE"'[AEa' ]a (16)

and the field strengths Fg., = [Dg, D,], Faz = [DPa, D;] and
F.z = [D., Ds]. We have also defined the scalar fields
1 ) 1 .
63 = (07— i05), 6= 5(05+id) (17)



D4-brane worldvolume theory with NS5 boundary conditions
Topological-holomorphic twist

4d CS from topological-holomorphic twist of D4-NS5 system

to 4d Chern-Simons theory

Note that A, and Az, are Q-invariant, which will prove essential
to obtaining 4d CS theory.

Also, the Q-transformations are consistent with the partially
twisted NS5 boundary conditions:

Az = 0’)(3:0’ 63A# = 0|X3:0’

1.2 345
83d) = 0’)(3:07 d) T = 0|x3:0>

03171% = 0’X3:0, om = 0|x3:0> (18)
i O’x3207 831/152% = 0|x3:07
83111)31% = 0’X3:07 1/’32% = 0|X3:0’

where a =1, 2.
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D4-brane worldvolume theory with NS5 boundary conditions
Topological-holomorphic twist

4d CS from topological-holomorphic twist of D4-NS5 system

to 4d Chern-Simons theory

The partially twisted action is

1 1 .1 1 1
Stwisted = _Eg./M d5X Tr (ZFaﬁFm’ =+ Z anFan + ZFmBFmﬂ + Zanan
1 1 =
+ 5D%zﬁoaqﬁﬂ + ED“qﬁ”Daqb;
1 ; 1 -
+ 5076 Do + 506" Dm;

) 1. -
£ 516% 1l6es 05] + 4166, 63

1 - 1 - -
+ 4107 1167, 85 + 7167, 6"N[0m 45
— 479,11 Dgthnzn + 46"‘57’!/1721Da’¢7ﬁ12 — 4111 D)%)

— 4% Dama + i49%2Dator + 412Dt
— 1807 Dythyoo — i8¢ Dztpy1o + 8122 D11 + 18111 Dzmia

- 81/1612[%7 V22| — 87/1B21[¢§~, hg11] + 8n22[d5, m2] + 87711[45, 7]21]>‘
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D4-brane worldvolume theory with NS5 boundary conditions
Topological-holomorphic twist

4d CS from topological-holomorphic twist of D4-NS5 system S by s

Localization to 4d Chern-Simons theory
Wilson lines

This action can be put in Q-exact + Q-invariant form as follows.
Firstly, the boson action is equivalent upon integration by parts to

1 1, _ _
—g | T (3777 F s, + 2F%Faz + 2D°¢-Dad; + 8D;6; Dz

1,.,.. .
+ 5 (2iFzz + 2il63,61 — Do)
(19)
To make @ = 0 hold off-shell, we introduce an auxiliary field, d:
1 1
-5 [ dxm ((2in2 T 2il65, 65 - Dﬂ¢ﬁ)2>

—— 7/ dx Tr ( (2iFzz + 2i[¢3, ¢=] — Dg¢?) — ;d2>,
and modify the Q-transformations such that
Qmi=d, Qd =0. (21)



D4-brane worldvolume theory with NS5 boundary conditions
Topological-holomorphic twist

4d CS from topological-holomorphic twist of D4-NS5 system S by s

Localization to 4d Chern-Simons theory
Wilson lines

The action can then be put in Q-exact + Q-invariant form:

Sewisted = QU — & / d°x T (4e°‘/3%zlz>awmg

+ 126" 122 DaX po11

H g
— 4" X po11 Dz 9412

- 45/3"0111521[%’ Xpall])v

(22)

(where X011 = €poath® ) With
w__i d5XTI<_1 11 F 8y + i1 Faz + ¥%Dad;
+ 212D, ¢
+ 1 (21F 2z + 2165, ¢2] — Dyo”) - ;Thld)-
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D4-brane worldvolume theory with NS5 boundary conditions
Topological-holomorphic twist

4d CS from topological-holomorphic twist of D4-NS5 system

to 4d Chern-Simons theory

Here, the dependence on the metric of V = Y X R, is completely
contained in the Q-exact term, while there is dependence on the
complex structure of ¥ in the non-Q-exact part of the action.

Hence, along the boundary, OM =Y x ¥, the partially twisted
theory we have derived is topological along Y but depends on the
complex structure of ¥, just as in Costello’s 4d Chern-Simons
theory.
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D4-brane worldvolume theory with NS5 boundary conditions
Topological-holomorphic twist

Boundary action

Localization to 4d Chern-Simons theory

Wilson lines

4d CS from topological-holomorphic twist of D4-NS5 system

Boundary action

The D4-brane worldvolume theory can be coupled to the RR
1-form, R, sourced by DO-branes, via

sto,,:iz/ RATr (F A F). (24)
85 /M

We shall only be concerned with DO-branes that source R such
that dR = 0. This allows us to write (24) as the boundary action

- R/\Tr(AAdA+AAA/\A>. (25)
g& Jom 3
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D4-brane worldvolume theory with NS5 boundary conditions
Topological-holomorphic twist

Boundary action

Localization to 4d Chern-Simons theory

Wilson lines

4d CS from topological-holomorphic twist of D4-NS5 system

In order to include such a coupling without breaking the
Q-supersymmetry, we shall first require that R = C(z)dz, i.e., it is
meromorphic w.r.t. . Then, the boundary action only depends
on Ai, Az and Az, where only Az is Q-invariant.

Hence, to obtain a Q-invariant boundary action, we must add
boundary interaction terms involving ¢1 and ¢, to the action such
that its dependence on (A1, Az) is replaced by dependence on
(A, Ap), resulting in
—i 2
Shoundory = — [ CA Tr<A/\ dA+ 2ANAN A), (26)
85 JOM 3

where we have used the notation A; = As.
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D4-brane worldvolume theory with NS5 boundary conditions
Topological-holomorphic twist

Boundary action

Localization to 4d Chern-Simons theory

Wilson lines

4d CS from topological-holomorphic twist of D4-NS5 system

Localization to 4d Chern-Simons theory

To evaluate the path integral, we rescale the Q-exact part of the
action by a large parameter, localizing the path integral to the
bosonic fixed points of the Q-symmetry. We can then evaluate
the path integral via perturbation theory around these fixed
points.

Doing so, we arrive at

& Jon CATE(AoAd Ao +3A0A Ao Ao)

/ DA~ DAD Az % (27)
i
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D4-brane worldvolume theory with NS5 boundary conditions
Topological-holomorphic twist

4d CS from topological-holomorphic twist of D4-NS5 system S by st

Localization to 4d Chern-Simons theory
Wilson lines

This is the partition function of 4d CS theory with gauge group
U(N)c = GL(N,C) (where h = g2). Here, I is a nonperturbative
integration cycle in field space, corresponding to the restriction
to OM of the bosonic fixed points of the Q-symmetry, i.e.,

]:an:

Fryo =0 (28)

az0 —

2iFyz0 — Dagdb§ =0

(where &,E =1,2). As shown recently,® one can also obtain an
integration cycle for 4d CS theory by realizing it via a stack of
D5-branes supported on the product of an Q-background disk and
Y x ¥

6. K. Costello, J. Yagi, Unification of integrability in supersymmetric gauge theories,
arXiv:1810.01970
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D4-brane worldvolume theory with NS5 boundary conditions

4d CS from topological-holomorphic twist of D4-NS5 system epeltegtet Hilomesifts Gt

Wilson lines

Since the components of A along Y are Q-invariant, i.e.,
QA =0, we can define supersymmetric Wilson lines along Y,
ie.,

W = Tr(P elicv 4, (29)
as observables of the 5d theory that we can define to be associated

with representations of g = gl(/N, C), or g[[z]].

In string theory, such a Wilson line arises from the worldline of the
boundary of a fundamental string ending on the D4-brane
worldvolume.
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D4-brane worldvolume theory with NS5 boundary conditions
Topological-holomorphic twist

4d CS from topological-holomorphic twist of D4-NS5 system

Inserting such Wilson lines along Y C OM, the 5d theory localizes
to

. i 2
[P AP A [ 1x(p el ) it Jon (Aondo+3Aondon o)
r ¢ ;

For an intersection of perpendicular Wilson lines associated with
representations of g = gl(/N, C), this correlation function
corresponds to an R-matrix. For a lattice of such Wilson lines, it
is identified with the partition function of an integrable lattice
model (as first argued by Costello).

Moreover, using three Wilson lines in reps. of g, topological
invariance along Y implies the Yang-Baxter equation. For

Y = C, replacing one of them with a Wilson line in a rep. of g[[z]]
gives us the Yangian in the form of the RTT relation.
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T-duality as a lift to 6d
S-duality

Categorification of R-matrix elements » S
& Hilbert space of 6d theory and categorification

T-duality as a lift to 6d

To categorify the R-matrix elements and the YBE with spectral
parameter, we need to lift our 5d partially twisted theory to a 6d
one.

From the string theory perspective this corresponds to T-duality in
a direction transverse to the D4-branes. We shall pick this direction
to be x%, which leads to the following type IIB configuration

K—L
Y R > SINV/CT*V/
1 2 3 4 5 6 7 8 9 10
D5 X X X X X X
NSH x x X X X X
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T-duality as a lift to 6d
S-duality
Hilbert space of 6d theory and categorification

Categorification of R-matrix elements

The lift along the x° direction implies that ¢; is replaced by the
gauge field component Ag, and thus

A1 = A1 + i¢1 — A1 + iAs = 2Aw (30)
zl = A1 —ip1 = Ay — iAs = 2Ay, (31)

where we have defined the complex coordinates w = x! + ix® and
w = x* — ix®. We first use (30) and 0; — 20, to lift the
boundary action:
;i ' C/\Tr(A/\dA+ A/\A/\A)
5

-1

s | deCATr(A/\dAJrgA/\A/\A),
gz (2nr) Jomxst 3

(using Ay = Ay) where r is the radius of the x® circle.
7. This choice is necessary for gauge invariance.
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T-duality as a lift to 6d

S-duality

Categorification of R-matrix elements » S
& Hilbert space of 6d theory and categorification

To lift the 5d Q-transformations and bulk action, we use
D1 — 2Dy
! (32)
Dl — 2DW

The Q-transformations we obtain this way are

QA =0 Qm1=d Q2 = 4Dwox
QA = —8Yjin Qnm2=0 Qvinz = 2Dig
QAw =0 Qo1 =0 Qo1 = —i4Fgz
QA = —412 Qa2 = 4Dz¢~ Qvio1 = —i2Fiz
QA; =0 QY1 = 2Fjw Q22 =0
QA; = 412 Qxij11 = —Fj Q@pj2 =0
Qé==0
Qo = —4in

QRd =0

iJj, ke oo = 2,3, x1j11 = ¥j11, Y112 = 12, Y121 = N21, Y122 = 122.



T-duality as a lift to 6d
S-duality
Hilbert space of 6d theory and categorification

Categorification of R-matrix elements

The bulk action we obtain is

17 . . B o
559 g = QU — g2onr /M o d® Tr <851k7/)k21 Darbjio — 4™ Yuo1 Ditho + 4771 Dinfjn
5 P X
+ 46120 D jk11 — i4e oDy
— i4e% X k11 D3ino + i85ij";j11Diwi12
— 4€jk7721[¢§, Xjk11] + 86”1/)f21[¢§, Jju])-,
where
/ 1 6 Vi w T E i F L o
V= _g2271'r VxS d°x Tr { — ZX 1Fi +’L/Jil]:jw + iy 51 Fiz + 12121 F
2 .

+ ' 1,Did; + 2712 Dw b3 + 202D, 3

. , , ; 1
+m1(2iFz + 2iFww + 2i[d, d?] — Dj¢) — 57711d>~
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T-duality as a lift to 6d

S-duality

Categorification of R-matrix elements » S
& Hilbert space of 6d theory and categorification

This is a topological-holomorphic theory - the dependence of the
metric in the x? and x3 directions is completely contained in the
Q-exact term, while the remaining terms depend on the complex
structures of ¥ and Y/, where Y’ is the complex surface
parametrized by w and w.
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T-duality as a lift to 6d
S-duality
Hilbert space of 6d theory and categorification

Categorification of R-matrix elements

Moreover, the boson action is equivalent to

1 1 1 ; 1 1 "
6d 6
SpSeon = —% /stl d°x Tr <ZFXYFXY + ZFin’y + Z,:Xj,:xj + Z,:U_l::u

+ %D’&D@j + %D'}iﬁo,-qf»n
+ %ngbexqu + %D&zﬁoquﬁ
1. . 1. -
+ 1[¢I¢I][¢l7 ¢j] + Z[¢I7 ¢n][¢i7 ¢/ﬁ]
Lom Lom o
+ 307 Mo ] + 107 765,07
where x,y = z,z, w, w. Hence, the 6d theory we obtain by lifting

is 6d V' = (1,1) SYM partially twisted along the x> and x3
directions, with a boundary coupling to the RR 2-form idw A C.
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T-duality as a lift to 6d
S-duality
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Categorification of R-matrix elements

One ought to be able to localize this partially twisted theory to a
5d Chern-Simons theory on the boundary with an action

-1 2
Sod :7/ dwACAT (A/\dA .A/\.A/\A>
boundary g52(27rr) aMxS w r + 3
(33)
with nonperturbative integration cycle I'" defined by
Faz0 =0
Fowmo =0
Fwz0 =0
2iF,30 + 2iFwwo — Daodg = 0.
For C = dz, (33) is the commutative limit of Costello’s 5d
8

non-commutative Chern-Simons theory (where B-field was on).

8. K. Costello, M-theory in the Omega-background and 5-dimensional non-
commutative gauge theory, arXiv:1610.04144
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S-duality

Next, we apply S-duality, whereby we obtain

v
Y R > SINVCT* V!
1 2 3 4 5 6 7 8 9 10
NSY x X X X X X
D5 X X X X X X

F-strings (Wilson lines) — D1-branes (Wilson lines)
D5 bulk coupling- (27)3ga/ — NS5 bulk coupling- (27)3a’
D5 bdry. coupling- g2(2nr) — NS5 bdry. coupling- (27)%(a’)?r /g2
RR 2-form- idw A C — NS-NS 2-form- idw A C
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Categorification of R-matrix elements » S
& Hilbert space of 6d theory and categorification

We shall use the S-dual partially twisted 6d N = (1,1)
worldvolume theory of NS5-branes to categorify the R-matrix
elements.

In other words, we want to describe the R-matrix elements in
terms of the Hilbert space of a 6d theory.

The S-dual theory is used because it allows us to write its path
integral as a trace of an expression with an obvious expansion in
positive powers of 7, which the R-matrix is known to admit in
the semi-classical limit.
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Hilbert space of 6d theory and categorification

Taking the sixth dimension S to be the Euclidean time dimension,
we find that the Hilbert space of states, H, of the @-cohomology
of the S-dual 6d theory, is given by the Floer cohomology
corresponding to the BPS equations

Fij=0
Fiz=10
Fw=0 (34)
Faz =0
2iF,z + 2iFuw — Dj¢) =0

which are the BPS equations of the partially twisted D5-brane
worldvolume theory.
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Categorification of R-matrix elements

These are tunnelling equations that interpolate perturbative states
given by solutions of the 5d equations

Fpy =0
]:aEZO (35)
2iF;z — Dg¢® =0

which are the BPS equations from our study of the D4-brane
worldvolume theory.
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Categorification of R-matrix elements

We can write the path integral of the S-dual 6d theory as a trace
over the Hilbert space, H. If we consider two perpendicular Wilson
lines along Y in the D4-NS5 system which give rise to the
R-matrix, T- and S-duality give

Rig (21, 22) = Try ((—1)" e "PWi(21) Wi  (22)) (36)

where z; and z, are the positions of the Wilson lines (denoted as
W? and W?) on X, I, J, K, L are basis elements of the
representations of the Wilson lines, F is the fermion number
operator, and where the operator

P=i C/\Tr(A/\dA+2A/\A/\A> (37)
oM 3
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Categorification of R-matrix elements

In other words, we have identified a vector space with each
R-matrix element, whereby the vector space is the Floer
cohomology of a set of 6d partial differential equations.

In principle, we may compute each R-matrix element from the
solutions of these equations.
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Categorification of R-matrix elements

e The Yang-Baxter equation can be realized in the 4d CS theory
on the boundary due to the topological symmetry along Y.

Z,  z, Z z z, &

e No singular behaviour arises in moving a Wilson line, as long
as 71, z» and z3 are distinct.
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Categorification of R-matrix elements

We may also categorify the Yang-Baxter equation in this
manner. Realizing the Yang-Baxter equation

Z R/1\/2A/I,Qo(21a22)Ré;3L,IP(Zla23)R?)3P,JK(Z2-,23): Z RI%/?L.RT(Z%Q)RI}I%"SK(ZI’Z3)R§I2?,IJ(21722)
0,P,Q RS, T

in the original D4-NS5 system using Wilson lines labelled by
spectral parameters z;, z» and z3, T- and S-duality on both sides
of the equation give

‘ ey ((—1) e P W (21) Wiy (2) Wik (23)) = Trae ((—1)" e " Wiy (22) Wiy (22) Wik (23))

We can also categorify the Yangian (in the form of the RTT
relation) associated with rational integrable lattice models in an
analogous manner, which also leads to an expression of the form
above.
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S-dual 4d Chern-Simons theory

When applying T-duality to the D4-NS5 system, we applied it
along a very large circle in the x® direction, which resulted in a
very small circle in the D5-brane worldvolume.

Hence, at low energies which define the Q-cohomology, the 6d

worldvolume theory (and its S-dual) can be effectively regarded as
the 5d theory obtained via dimensional reduction.
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S-dual 4d Chern-Simons theory

Considering the S-dual 6d theory, we may localize the path integral
of its effective 5d theory to obtain

/DAEOD.AZOD.AEOH’I‘T(P ele_ AO) eihfé)M C/\Tr(Ao/\dAo-ﬁ—%Ao/\Ao/\Ao)
r i

Hence, we have an ‘S-dual’ of Costello’s 4d Chern-Simons theory,
where

1
- — h. 38
. (38)

This can be compared with the S-duality of 3d

analytically-continued Chern-Simons theory,? which arises as a

consequence of the S-duality of 4d A/ = 4 SYM.

9. Y. Terashima, M. Yamazaki, SL (2,R) Chern-Simons, Liouville, and Gauge The-
ory on Duality Walls, JHEP (2011) (8), 135
T. Dimofte, S. Gukov, Chern-Simons theory and S-duality, JHEP (2013)(5), 109
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Conclusion and Future Directions

e We have made use of string theory to derive an integration
cycle that allows us to define Costello's 4d CS theory
nonperturbatively.

e We have also made use of string theory to categorify various
objects associated with the lattice models the 4d CS theory
physically realizes, in terms of Floer cohomology defined by
some 6d differential equations. This is both physically and
mathematically novel.
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Conclusion and Future Directions

e As an offshoot, we were also able to derive an 'S-dual’ 4d CS
theory, thereby generalizing S-duality in 3d
analytically-continued CS theory.

e Future work involves including D2-branes to realize surface
defects in the 4d CS theory, which then allows us to do the
same for integrable field theories, where the Lax operator can
be derived from the Hilbert space of a 6d theory etc..
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Thank you for your
attention!
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